arXiv:1504.07042v3 [math.RT] 23 Jul 2015 


Irreducible quantum group modules with finite 
dimensional weight spaces. I 

Dennis Hasselstr0m Pedersen 


Abstract 

In this paper we classify all simple weight modules for a quantum group 
Uq at a complex odd root of unity q when the Lie algebra is not of type G 2 ■ 
By a weight module we mean a finitely generated t/q-module which has 
finite dimensional weight spaces and is a sum of those. Our approach fol¬ 
lows the procedures used by S. Fernando |Fer90| and O. Mathieu |Mat00| 
to solve the corresponding problem for semisimple complex Lie algebras. 


1 Introduction and notation 

Let g be a simple complex Lie algebra not of type G 2 . Let q € C be a nonzero 
element and let Uq := Uq{Q) be the quantum group over C with q as the quantum 
parameter (defined below). We want to classify all simple weight modules for 
Uq. In the papers |Fer90| and [MatOO] this is done for g-modules. Fernando 
proves in the paper |Fer90| that the classification of simple g weight modules 
essentially boils down to classifying two classes of simple modules: The finite 
dimensional simple modules and the so called ’torsion free’ simple modules. 
The classification of finite dimensional modules is well known in the classical 
case (as well as in the quantum group case) so the remaining problem is to 
classify the torsion free simple modules. Olivier Mathieu classifies these in 
the classical case in [MatOO] . The classification uses the concept of g coherent 
families which are huge g modules with weight vectors for every possible weight, 
see [MatOOi Section 4]. Mathieu shows that every torsion free simple module 
is a submodule of a unique irreducible semisimple coherent family and each of 
these irreducible semisimple coherent families contains a so-called admissible 
simple highest weight module as well. This reduces the classification to the 
classification of admissible simple highest weight modules. 

1.1 Main results 

In this paper we will first carry out the reduction done by Fernando to the 
quantum group case for q a non-root-of-unity and q an odd root of unity. Then 
we carry out the classification of torsion free simple module in the root of unity 
case. The corresponding classification of torsion free simple modules for generic 
q turns out to be much harder. We leave this to a subsequent paper |Pedl5a| . 

We will follow closely the methods described in the two above mentioned 
papers. Many of the results can be directly translated from the classical case 
but in several cases we have to approach the problem a little differently. One 
of the first differences we encounter is the fact that in |Fer90| concepts are 
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defined by using the root system without first choosing a base. Then later a 
base is chosen in an appropiate way. In the quantum group case we define the 
quantized enveloping algebra by first choosing a base of the root system and 
then defining the simple root vectors E^, Fa, etc. This means that we can’t 
later change the basis like in [Fer90| . The solution is to consider ’twists’ of 
modules by Weyl group elements cf. definition 12.11 Another difference is the 
fact that we do not a priori have root vectors for any positive root /3 unless /3 
is simple. Root vectors can be constructed but the construction involves a choice 
of a reduced expression for the longest element of the Weyl group wq. The root 
vectors constructed depend on this choice. So if we want to use root vectors 
to define our terms we should prove that our definitions are independent of the 
choice of the root vectors. Once the root vectors are defined we continue like in 
the classical case with some differences. Notably the proof of Proposition 12.111 
is different. Here we reduce the problem to rank 2 calculations in the quantized 
enveloping algebra. This is also the main reason we exclude g of type G 2 in this 
paper. 

In the root of unity case the classification of simple weight modules reduces 
completely to the classical case as seen in Section [SI We use the same procedure 
as in |MatOO| to reduce the problem to classifying coherent families and then 
we show that all irreducible coherent families in the root of unity case can be 
constructed via classical g coherent families. 
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1.3 Notation 

We will hx some notation: We denote by g a hxed simple Lie algebra over 
the complex numbers C. We assume g is not of type G 2 to avoid unpleasant 
computations. 

Fix a triangular decomposition of g: Let [} be a maximal toral subalgebra 
and let <I> C (}* be the roots of g relative to f). Choose a simple system of roots 
H = {ai,...,a„} C <&. Let $+ (resp. $“) be the positive (resp. negative) 
roots. Let g^ be the positive and negative part of g corresponding to the simple 
system H. So g = g“©[}©g+. Let W be the Weyl group generated by the simple 
reflections Si := Sq.. For a w G IF let l{w) be the length of IF i.e. the smallest 
amount of simple reflections such that w = . Let (-I-) be a standard 

IF-invariant bilinear form on f)* and {a, (3'^) = Since (-I-) is standard we 

have (ala) = 2 for any short root a G $. Let Q = span^ {ai,..., a„} denote 
the root lattice and A = span^ {wi,..., a;„} C h* the integral lattice where 
Wi G t)* are the fundamental weights defined by {uJi\aj) = 6ij. 

Let Uy = Uv{q) be the corresponding quantized enveloping algebra defined 
over Q{v) as defined in |Jan96| with generators Ea, Fa, Ka^, a G H and certain 
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relations which can be found in Chapter 4 of |Jan96| . We define Va = 

(i.e. Ua = u if q; is a short root and Va = if a is a long root) and for n S Z, 

Mu = Na ■= W-uc = ■ We omit the subscripts when it 

is clear from the context. For later use we also define the quantum binomial 
coefficients: For r G N and a G Z: 


[a] [a — 1] • • • [a — r + 1] 


where [r]! := [r][r — 1] • • • [2][1]. Let A = Z[u,u and let Ua be Lusztigs A- 
form defined in [Lus90] . i.e. the A subalgebra generated by the divided powers 


_ 

-C/a • — 


jK, Fc 


(") 


and a G H. 


q where Cg is 


Let g G C be a nonzero complex number and set Uq = Ua ®a C 
the A-module equal to C as a vector space where v is sent to q. In the following 
sections we will distinguish between whether g is a root of unity or not. 

We have a triangular decomposition of Lusztigs A-form Ua = U^ (8> U'^ (8> U^ 
with U^ the A subalgebra generated by {Fa"^|a G n,n G N} in Ua, U^ the A 
subalgebra generated by {E^^\a G 11, n G N} vd.Ua and U\ the A subalgebra 
generated by ja G 11, c G Z, r G N} in C/^ where 


Fa , c 
r 


_TT ^a Vg ^g Vg 


7 —7 

vi, - Voc 


For later use we also define [Ka-,r\ = We have the corresponding trian¬ 

gular decomposition of Uq-. Uq = Uq ® Uq ® Uq with U^ = U^ ®a Cg and 

U'^q=Ul®A Cq. 

For a g G C* = C\{0} define [“]^ as the image of [“]^ in C. We will omit 
the subscript from the notation when it is clear from the context. We define 
g /3 G C and [n]p G C as the image oi vp £ A and [n\p G A, respectively abusing 
notation. Similarly, we will abuse notation and write also for the image 

of G Ua in Uq. Define for p.eQ, K^ = ]Xi=i Fg] if M 

Ui G Z. 

There is a braid group action on Uy which we will describe now. We use the 
definition from [Jan961 Chapter 8]. The dehnition is slightly different from the 
original in [Lus90[ Theorem 3.1] (see |Jan96[ Warning 8.14]). For each simple 
reflection Si there is a braid operator that we will denote by satisfying the 
following: : Uy ^ Uy is a. Q(v) automorphism and for i ^ j G {1,. . ., n} 


Tg,(F^) =Fg,^^) 

TsiiEg.) = - Eg. Kg. 

Tg^{,Fg,)=-K-lEg^ 

TsAEg,)= Y. i-^'<FY^^Eg^E^} 

i^O 

-(aj,a^) 

TsAFc.,)= Y 

i=0 

The inverse T~^ is given by conjugating with the Q-algebra anti-automorphism 
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from |Lus90[ section 1.1] defined as follows: 

The braid operators Tg. satisfy braid relations so we can define for any w G 
W: Choose a reduced expression of w: w = Si-^ ■ ■ ■ Si^. Then = Tg • • • Tg^^ is 
independent of the chosen reduced expression by |Lus901 Theorem 3.2], We have 
Tw{K^) = Kyj(^^y Furthermore restricts to an automorphism Tyj : Ua Ua- 
Let wq be the longest element in W and let be a reduced expression 

of Wq. We define root vectors Ey and F)? for any /3 G $+ by the following: First 
of all set 

j3j = (ojJ, for i = 1,..., iV. 

Then <!)+ = {/3i,..., Pn}- Set 

) 

and 

)■ 

In this way we have defined root vectors for each /3 G These root vectors 
depend on the reduced expression chosen for wq above. For a different reduced 
expression we might get different root vectors. It is a fact that if /3 G 11 then 
the root vectors Ep and Ep defined above are the same as the generators with 
the same notation (cf. e.g. [Jan961 Proposition 8.20]) so the notation is not 
ambigious in this case. By “Let Ep be a root vector” we just mean a root vector 
constructed as above for some reduced expression of wq. 

1.4 Basic definitions 

Definition 1.1 Let M be a Uq-module and X : ^ <C a character (i.e. an 

algebra homomorphism into C ). Then the weight space M\ is defined as 

Mx = {m G M\\/u G 17°, um = X{u)m}. 

Let X denote the set of characters of [7°. Let wt M denote all the weights of 
M, i.e. wt M = {A G X\Mx 0}. If q is not a root of unity we define for 
p G A the character by q^(Ka) = for any a G LI. We also define 

= q~~^^. We say that M only has integral weights if p,{Ka) G ±g* for any 
a G n, p G wt M. 

If q is not a root of unity then 17° is isomorphic to ..., Xi^^\ and X can 

be identified with (C*)" by sending p G 77 to {pi{Kai), ■ ■ ■ ,fJ,{Kci„)). When q 
is a root of unity the situation is a bit more complex. We will show later that 
when g is a root of unity X can be identified with S x Ai x t)* where S is the 
set of homomorphisms Q —> {±1} and A; is a finite set depending on the order 
I of the root of unity. There is an action of W on X. For A G X define wX by 

iwX){u) = A(77,-i('u)). 


Note that wg^ = 
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Definition 1.2 Let M be a Uq-module and w € W. Define the twisted module 
'“M by the following: 

As a vector space '^M = M but the action is given by twisting with w~^: 
For m € “M and u € Uq: 

u • m = T^-i(u)m. 

We also define “M to be the inverse twist, i.e. for m G u G Uq: 

u-m = T~fi{u)m. 

Hence for any Uq-module M, ™(™M) = M = “(“M). 

Note that wt^M = w{wtM) and that “(“'M) ^ ““'m for w,w' € W with 
l(ww') = l{w) + l{w') because the braid operators satisfy braid relations. 
Also “(^M) ^ 

Definition 1.3 We define the category F = F{q) as the full subcategory of 
Uq — Mod such that for every M £ F we have 

1. M is finitely generated as a Uq-module. 

2. M = dimM^ < oo. 

Note that the assignment M i—>■ “M is an endofunctor on F (in fact an auto¬ 
equivalence) . 

The goal of this paper is to classify all the simple modules in F in the 
case where q S C is a root of unity. Our first step is a reduction to so called 
torsion free simple modules, see Definition l2.8l This reduction actually works for 
generic q as well and we treat that case first, see Section [5J Then in Section |3] we 
prove the corresponding reduction when g is a root of 1. To handle the torsion 
free simple modules we need some detailed calculations - found in [Pedlbbj and 
recalled in Section|4]- on the commutation relations among quantum root vectors. 
Then we prove the classification of torsion free simple modules in Section and 
Section [HI The classification for generic q turns out to be somewhat harder and 
will be the subject of a subsequent paper jPedlSaj . 

2 Nonroot of unity case: Reduction 

In this section we fix a non-root-of-unity q S C*. 

Definition 2.1 Let M G F and let P be a root. M is called P-finite if for 
all X £ wt M we have that q^^X H wt M is a finite set. Here q^^ is the set 
£ N} and just means pointwise multiplication of characters. 

As an example consider a highest weight module M. For any positive root 
P £ $+, M is /3-finite. If M is a Verma module then M is not /3-finite for any 
negative root /3 G 

Proposition 2.2 Let M £ F and P a positive root. Let Eg be any choice of a 
root vector corresponding to p. Then the following are equivalent 

1. M is P-finite. 
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2. For all m G M, E'^m = 0 for r ^ 0 

Proof. Note that EpM\ C This shows that 1. implies 2.. Now assume 

2. and assume M is not /3-finite. Then we must have a A € wt M, an increasing 
sequence {jijigN Q N, weights GwtM and weight vectors 0 ^ rm G 

M^. such that Eprrii = 0. If XiKp) = for some j Gh then we can asssume 
without loss of generality that j G N since otherwise we can replace A by 
for some sufficiently large ji. 

Now consider the subalgebra D of Uq generated by Ep, and Fp where Fp 
is the corresponding root vector to Ep (i.e. if Ep = Tu]{Eaf) then Ep = T^{Faf)). 
This is a subalgebra isomorphic to (st 2 )- For each i we get a Uq^ (s[ 2 )-niodule 
Drui with highest weight pLi. We claim that in each of those modules we have a 
weight vector Vi G Drrii of weight A: 

To prove the claim it is enough to show that Ep^''^mi 0 since Fp de¬ 
creases the weight by /3 (i.e. FpM^ C Mq-p^). To show this we show that 
Fp^''^rrii ^ 0. In the following we will use Kac’s formula: 




Kp] 2j -r- s 

j 


E 


(r-j) 


^/3 ^/3 - 2^^P 

i>0 

This is a well known formula that can be found in e.g. [,Tan961 Lemma 1.7] 
(although in this reference it is written in a slightly different form). 


s>0 

\Kb\Q 


-s) 


rrii 


Kp-,2s — 2ji 
s 




L J 

Qp ~ Qp l^iiKp) 

11 


i=l 
ji 


qf^+^-^XiKp) - q-^^'+*-^X{Kp)-^ 

11-;—- mi. 


<lp-Qp' 


This is zero if and only if X{Kp) = for some t = 1,..., Note 

that the power of q is negative in all cases here so this is not the case by the 
assumption above. So F^^''^mi 0 and we are done proving the claim. So we 

have 0 Ui G Droi of weight A for z G N. 

Consider the Uq^{sl 2 ) element Cp = FpEp + ■ Then Cp acts 

on Dmi by the scalar 

qpl^tiKp) + qp^p^jKp)-^ 

(<?/3 - qp^) 

If Cp acts in the same way on Dmi and Dmk then we must have either 
Fi{Kp) = pik{Kp) (i.e. i = j) or pLi{Kp) = q^"^pij{Kp)-^. The second case 
implies that X{Kp) = for some a G N which we have ruled out above. 

So the vectors Vi are linearly independent. Hence M contains an infinite set of 
linearly independent vectors of weight A. This contradicts the fact that M G 
T. □ 
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Proposition 2.3 Let P be a positive root and Ep a root vector corresponding to 
P. Let M gE. The set = { TO G M\ dim {Ep) m < c»} is a Uq-submodule 

of M. 

Proof. Assume first that /3 is a simple root. We want to show that for v G 
we have for each u G Uq^ uv G It is enough to show this for u = Fa, 

u = Ka and u = E^ for all simple roots a. If it = Ka there is nothing to show 
since acts diagonally on M. If it = Fa for a ^ /3 there is nothing to show 
since Ep and Fa commute. If a = /3 then we get the result from the identity 

Fi’-^Fa = FaFW + Fi’'-i)[Fa;r - 1] 

found in e.g. |Jan96[ section 4.4]. Finally if it = Fa and a P then from the 
rank 2 calculations in [Lus901 section 5.3] we get: 

• If {a\P) = 0: 

— E 


. If(a|^) = -I: 

E^Ea = q^EaE^;^ + qEa+pEj[-^^ 

where E^+p := Ts^{Ep). 

• If (a|^) = -2 and {a,P^) = -2: 

Fj’-^Fa = ^'’'FaFj") + q^+^Ea+pE^^-^^ + q^ E^p+aE^^-^'^ 

where E^+p := Ts^{Ep) and E 2 p+a ■= Ts^Ts^{Ea). 

• If {a\P) = —2 and (a, P'^) = —I: In this case we get from the calculations 
in |Lus901 section 5.3] that 

EaE^P = g^'F^Fa + q^E^;-^^Ea+p 

where E^+p := Tsp{Ea). 

After using the Q-algebra anti automorphism 4^ from [Lus901 section 1.1] 
we get 

Ej['>Ea = q^^EaE^p + q^E'a+pE^;-^^ 
where E'^^p = 4'(Fa+/3) = T-\Ea). 

(n) (n) 

In all cases we get that if Ep m = 0 for n » 0 then Ep Earn = 0 for n >> 0. 
This proves that uv G {to € M\ dim (Ep) m < oo} in this case also. 

If P is not simple then Ep = Ty„{Ea') for some simple root a' and some 
w G W . Since F^, is an automorphism we have Ty„{Uq) = Uq so instead of 
proving the claim for u = Ea, Ka and Fa we can show it for u = T^lEa), 
Tw{Ka) and T^{Fa) so the claim follows from the calculations above. □ 

Lemma 2.4 Let Ep and Ep be two choices of root vectors. Then = 
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Proof. Suppose we have two root vectors Ep and E'^. By Proposition 12.31 and 
Proposition 12.21 we have dim m < c» for all m G so C 

Symmetrically we have also C □ 

Definition 2.5 Let j3 he a positive root and Ep a root vector corresponding to 
j3. Define = { m G M\ dim {Ep) m < cxd}. 

By Lemma [2.41 this definition is independent of the chosen root vector. 

Everything here that is done for a positive root /3 can be done for a negative 
root just by replacing the E’s with E’s, i.e. for a negative root /3 G = 

{to G M\ dim (E-p) m < c»} and so on. 

Definition 2.6 Let M £ E. Let jd M is called fd-free if = 0. 

Note that M is /3-finite if and only if = M so fd-iiee is, in a way, the 
opposite of being /3-finite. Suppose L G E is a simple module and P a root. 
Then by Proposition 12.51 L is either /3-finite or /3-free. 

Definition 2.7 Let M € E. Define Em = {/3 G ^\M is fi-finite} and Tm = 
1/3 G $|M is fi-free}. For later use we also define := Fm H {—Fm) and 
:= Tm H {—Tm) to he the symmetrical parts of Fm and Tm- 

Note that ^ = Fl UT^ for a simple module L and this is a disjoint union. 

Definition 2.8 A module M is called torsion free ifTM = $• 

Proposition 2.9 Let L be a simple module and /3 a root. L is fi-free if and 
only if wt L C wt L. 

Proof. Assume L is /3-free and /3 G $+. Let Ep be a corresponding root vector. 
The proof is similar for /3 G 4)“ but with E instead of E. Then for all 0 to G L, 
m 7 ^ 0. If A € wt L then there exists 0 e ^ Lx and since mx G L^r^x 
the implication follows. For the other way assume g^^wtL C wtL. Then L is 
clearly not /3-finite. Since L is simple L must then be /3-free. □ 

Proposition 2.10 Let L G E he a simple module. T^ is a closed subset of the 
roots $. That is if € Tl and P + j G ThenP + ^GT^. 

Proof. Since L is /3-free we have wt L C wt L and since L is 7 free we get 
further wt L C wt L so therefore q^id+i) wt L C wt L hence L is {P + 7) 

free. □ 

Proposition 2.11 Let M € E be a Uq-module. Fm is a closed subset of 4). 
That is if P,^ G Fm and /3 -|- 7 G 4* then /3 -|- 7 G Fm ■ 

Proof. Let a,P & Fm with a -|- /3 G 4>. We have to show that a -I- /3 G Fm- 
First let us show the claim if the root system 4) is a rank 2 root system. In 
this case the claim will follow from the rank 2 calculations in |Lus90| . Assume 
n = { 01 , 02 }- Assume first that we have o G ft and /3 G 4>+. We show 
below that we can always reduce to this situation. We can assume o = oi by 
renumbering if neccesary. We now have 5 possibilites: 

Case 0) ( 01 , 02 ) = 0 is clear. 




Case 1): (ai|Q! 2 ) = —1. The only possibility for (3 G such that a + /3 is a 
root is (3 = a 2 - Set Ea+p = Ts^{Ea) then Lusztig shows in [Lus901 section 5.5] 
that 

i=0 

The difference in the definition of the braid operators between [Jan96| and [Lus90| 
means that we have to multiply the formula in |Lus9n| by (—1)* since (using the 
notation of [Lus90] l E 12 = —Ea+p. Let m G M. Then there exists a.T gN such 
that E^pm = 0 for t > T since M is /3-fiiiite. Let rrit = Ej^'^m, t = 0,1,... ,T. 

(k) 

For each rrit there is a iLt € N such that Ea mt = 0 ioi k > Kt since M 
is a-finite. Set K = max{T, iLo) ■ • ■ then the above identity shows that 
e'^^p’iji = 0 ior k > K 

Case 2): (ai, a^) = —2. In this case f3 = 02 is the only possibility to choose 
f3 G such that a + (3 G^. Set Ea+p = Ta{Ep) then by [Lus901 section 5.5]: 

Ei% = 

t=o 

and the same argument as above works. 

Case 3): ( 02 , 0 : 1 ) = —2 and /3 = 02 . Set E^+p = Tp{Ea) then 




t=o 

and the argument follows like in case 1) and 2). 

Case 4): (o 2 ,Oi) = —2 and /3 = oi + 02 . In this case set Ep = Eai+a 2 = 
Ta^iEof^) and Ea+p = E 2 ai+a 2 = Ta 2 Tai{Ea 2 ). We want a property similar to 
the one in the other cases. We want to show that there exists Ct G Q(q) such 
that 


^2ai+a2 ~ ^ai+a2^ai- 


t=0 


We will use notation like in |Lus90j so set Ei = Ea,^, E 12 = Eai+a 2 and E 112 = 
E 2 ai+a 2 - Let k gN. By 5.3 (h) in [LushOj 


fc-i 




^s — s{k—s)—s{t — s) 


Yliq^^ + 1) ) E[’;-^^E[f,E[^-^^ 


s=0 


SO 


k-1 


e[iI = (-i)"c e[^^e[^^ - Y[{q^^ + 1) e[’^^-^^e[iIe['^-^^ 


s=0 


^2 = 1 


wherec= (g'=nti(9^* + l)) 

We will show by induction over s < k that there exists ai G Q{q) such that 


rp{k—s) rp{s) rp{k — s) 
^12 ^112^1 


J2aiEy'^E[^^E[’'~"\ 


2 = 0 
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The induction start s = 0 is obvious. Now observe that again from 5.3 (h) 
in |Lus90| we have for s < k: 




S-1 






n—0 


So 


s-l 


e[2~"^e[11 = (- 1 )' ( Y[{q^^ + 1 ) ) ( e[^^e[ 1'> - J2i-nE[l~"^ e[^Ie[^-^^ 


n—0 


where 6 „ € 


are the coefhcients above. Hence 


S —1 


n=0 


for some coefficients b and b'^ € Q(g). This identity completes the induction 
over s. 

So to sum up we have proven that there exists Ct G Q(g) such that 




t=0 


(Note for later use in the root of unity case that the c* are in the localization of 
h[q, g“^] in the elements (g^* + 1) for i € N which are nonzero unless g is an Zth 
root of unity with I even). Now the proof goes as above. 

The above 5 cases are the only possible cases with the above assumptions 
since we have excluded G 2 . 

We will now show how to reduce the problem to rank 2. Assume /3 ,7 € Fm 
and /3 + 7 S $. We will first show: 


• There exists & w &W such that w{(3) G H and w(j) G 


Let Wo = Sij • • • Si„ be a reduced expression and let /3j = Si^ ■ ■ ■ Sij_^ (ai^)- 
Then $+ = {/3i,... ,,8^}. Assume first that both /3 and 7 are positive. Then 
P = Pj and ^ = Pr for some j and r. Without loss of generality we can assume 
j < r. Then we can set w = Sij_i ■ • ■ in this case. If P and 7 are both negative 
then wo{P) and rco( 7 ) both positive and we can do as before. Assume P < 0 
and 7 > 0. Assume P = —Pj and 'y = Pr for some j and r. Without loss of 
generality we can assume j < r. Then set w = Si^ ■ ■ ■ Si-^. The claim has been 
shown. 

Next we will show: 


• There exists a. w gW such that w{P) and w{'y) is contained in a rank 2 
subsystem of the roots. 

If iPl'y) < 0 then there exists a simple system H' of $ such that P and 7 are 
in n'. But since all simple system of a root system are W conjugate the claim 
follows. Assume {P\^) > 0. Then (/3 + 7 , 7 ^) > ( 7 | 7 ^) = 2 so s^{P + 7 ) = 


10 




/3 + 7 — (/3 + 7 j 7 ^^) 7 < “ 7 - So /3 — 7 is a root in this case. Since we have 

excluded G 2 this means that the 7 string through (3 is /3— 7 , (3, /3+j and therefore 
(/3 + 7 , 7 ^) = 2 or equivalently {I3,"f'^) = 0. So (/3 — 7 I 7 ) = —{ 7 I 7 ) < 0. Hence 
there is a simple system of roots H' such that 7 , /3 — 7 e H'. So there exists w 
such that ^( 7 ) and w{(3 — 7 ) are simple roots. Since w{l3) = w{'j) + w{(3 — 7 ) 
we see that rc(/3) and w{'y) are contained in a rank 2 subsystem of $. So the 
second claim is proven. 

Note that is w{f3) and w{'y) finite: Since wf^M = w{wtM) we have 
that a /r G wt “M is of the form fi = w{X) for some A G wt M. Now D 

wf^M = n wtM) is finite because M was ^-finite. All in all we get 

that for some w we have w{f3 + 7 ) G F^m- But since = w{Fm) this shows 
that /3 + 7 G Fm- □ 

Let L be a simple module. Since Fl and Tl are both closed subsets of $ we 
get from [FerQOl Lemma 4.16] that Pl := Fl U r£ is a parabolic subset of the 
roots - i.e. Pl U {—Pl) = ‘b and Pl is a closed subset of $. 

Since Pl U {—Pl) = 4* we must have for some w G W, $+ C w{Pl)- From 
now on we will assume <Z Pl since otherwise we can just describe the 
module “'L and then untwist once we have described this module. So we assume 
Pl = 4*+ U (n') where H' C H and where (H') denotes the subset of $ generated 
by H', i.e. (H') = ZH' n $. 

Let p be the parabolic Lie algebra corresponding to Pl i.e. p = f)©0^gp^ 0/3 
and let 1 and u be the Levi part and the nilpotent part of p respectively i.e. 
[ = f) ® 0/3eP|0/3 and u = 0^gPj.\p| 0/3- We can define Uq{p), Uq{{) and 
Uq{u). Furthermore we can dehne Uq{u~) where u~ is the nilpotent part of the 
opposite parabolic p~ corresponding to {—Pl). We have Uq{p) = Uq{l)Uq{u) 

and Uq{Q) = Uq{u~)Uq{p). 

Here is how we dehne the above subalgebras: (Dehned like in [MS]) As¬ 
sume Pl = $+ U (H'). Let Wq be the longest element in the Weyl group 
corresponding to H'. Let wq be the longest element in W. Set w = wo{wq)~^. 
Choose a reduced expression wq = Si^ ■ ■ ■ such that rcg = sq • • • . 

Let {Ei3,Fi3\I3 G <!>+} be the root vectors dehned by this reduced expression. 

Set 


/3t = I3t+k = t = 

f3t = f3t = Sji • • ■ Sjt.i(cTjt), t = 1,... ,k. 


This means that 


Ffni = t = 1,..., h 

Fp2 = {Faj^), t = 1,..., fc 

and similarly for the £”s. 

We dehne 


Uq{p) = 

Uq{{) = lEpr,K^,Ep.) 
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and 


= . .■ 

Similarly we define 17q(u“) = (^a?) • All of these are subalgebras 

of Uq{2) s-re independent of the chosen reduced expression of wq and Wq. Fur¬ 
thermore Uq{p) and Uq{l) are Hopf subalgebras of Uq{Q) as stated in |Puin6i 
Proposition 5 and Lemma 2]. 

There is a Q grading on Uq with deg = a, deg Fa = —a and deg = 0 
as described in e.g. [,Tan961 section 4.7]. This induces a grading on and on 
Uq{u) and Uq{u~). We will define 17q(u)^° and C/g(u“)^° to be the subalgebras 
consisting of elements with nonzero degree (i.e. the augmentation ideals). 

Definition 2.12 Let p 6e a standard parabolic sub Lie algebra of q and let I, u 
and u~ be defined as above. Let N be a Uq{\)-module. We define 

M{N) = Uq{2) N, 

where N is considered as a Uq{p)-module with Uq{u) acting trivially, i.e. through 
the coidentity e : Uq(u) C sending everything of nonzero degree to zero. 

Definition 2.13 If M is a Uq{g)-module we define 

= {m G Mjxm = e{x)m, x G t7q(u)}. 


Proposition 2.14 Let M be a Uq{g)-module. M“ is a Uq{\)-module. 

Proof. We will show that for u G Uq{l), Uq{u)^^u fi Uq{ 2 )Uq{u)^^ 0. This is 

true by simple grading considerations. We know that Uq{u)^^u C Uq{V)Uq{u) = 
Uq{l)Uq{u)^^ + Uq{l). But the degree of a homogeneous element u'u G U~ 
with u' G 17g(u)^° cannot be in ZII' since that would mean u' G Uq{V). So 
Uqiu)>% C Uqil)Uq{u)>°. □ 

Proposition 2.15 Let N be a Uq{\)-module and let M be a Uq{Q)-module. 
There are natural vector space isomorphisms 

$ = ^M,N ■■ Homj7^(g)(A4(7V),M) ^ Homj7_^([)(iV, M“). 


Proof. If / : A4{N) —>■ M is a C/q(g)-module map then $(/) : N —>■ is 

defined by $(/) = /“ o (1 0 idAr), where 1 (g) idAr : N —> A4(iV)“ is given by 
n I—>■ 1 (g n and /“ : A4(iV)“ —> M“ is the restriction of / to A4(A^)“. 

The inverse map 4/ is given by: For g : N M“, 4'(5)(ii g n) = ug{n). It 
is easy to check that $ and 'L are inverse to each other. □ 

Proposition 2.16 If X is a simple Uq(l)-module then A4{X) has a unique 
simple quotient L{X). 

Proof. The proof is exactly the same as the proof of Proposition 3.3 in |Fer90| : 
Suppose M is a submodule of M{X). If 0 u G M n (1 g X) then UqV = 
UqUq{l)v = Uq{l^X) = M{X) SO Mfl(Ig A) = 0 for every proper submodule 
M. Let N be the sum of all proper submodules. N is proper since An(lgA) = 0 
and maximal since it is the sum of all proper submodules. □ 
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Let J^([) denote the full subcategory of ?7q([)-modules that consists of mod¬ 
ules that are finitely generated over Uq and are weight modules with finite 
dimensional weight spaces. 

Proposition 2.17 The maps L •. N ^ L{N) and F : V ^ determine 
a hijective correspondence between the simple modules in J^([) and the simple 
modules M in that have ^ 0. L and F are inverse to each other. 

The second part of the proof is just a quantum version of the proof of Proposi¬ 
tion 3.8 in |Fer90| . The first part is shown a little differently here. 

Proof. First we will show that if P is a simple 17, (g)-module with P“ ^ 0 then 
P“ is a simple C/q(l)-module: Assume 0 ^ Vi C P“ is a t/q([)-submodule of 
P“. We will show that Vi = P“. Since P is a simple 17q(0)-module we have 
P = 17g(g)Pi. Now as a vector space we have 

P = Uq{Q)Vl = Uq{vi-)Uq{{)Uq{Vi)Vl = [/, (u" ) [/, (1) (Pg (u) + C)Pl 

= Uq{n-)Uq{\)Vl 
= Uq{u-)Vl 

= (C/,(u-)<°+C)Pi 
= C/,(u-)<°Pi +Pi. 

We are done if we show 17q(u“)^°P“ fl P" = 0. Observe that 17q(u“)^°P“ 
is a Uq{{) module since Uq{i)Uq{u~)^'^ = Uq{u^)^°Uq{i). Assume u G P“ and 
assume we have & u' € Uq{u~)^^ such that u'v € P“. We can assume u' G 
(17g(u“)<°).y for some 7 G Q and n G P^ for some G X. Assume u'v ^ 0. 
Then since P is simple there exists a. u G Uq such that uu'v = v but by weight 
considerations we must have u G (Uq)-j C Uq(p~)Uq(u)^^ so uu'v = 0 since 
u'v G P“. A contradiction. 

Now assume is a simple Uq{l) module. L{N)^ is simple by the above. Let 
$ be the isomorphism from Proposition 12.15| and consider $(p) : N —> L(iV)“ 
where p : Ai{N) —^ L{N) is the cannocial projection from Ad (iV) to L{N). Since 
is an isomorphism the map $(p) is nonzero. Since N is simple by assumption 
and L{N)^ is simple by the above we get that $(p) is an isomorphism. 

Suppose P is a simple 17q(g)-module such that P“ is nonzero. Let / = 
$“^(id) : M(P‘‘) —P where id : P“ —>■ P“ is the identity map. Then / is 
nonzero and therefore surjective because P is simple. But since L(P“) is the 
unique simple quotient of M(P“) we get L(P“) = P. □ 

Let p be a standard parabolic subalgebra of g and define Uq{p), 1, Uq{V) etc. 
as above. Let be the roots corresponding to I i.e. such that I = 0 / 3 . 

Then for /3 G and a t/q([)-module M we define /3-finite, /?-free, etc. as 
above. The definitions, lemmas and propositions above still hold in this case as 
long as we require /3 G so that we actually have root vectors Ep,Fp G Uq([). 
We define Tm := {/3 G = 0} and Fm := {/3 G = Mj i.e. as 

before but only for roots in 

By now we have reduced the problem of classifying simple modules in J^(g) 
somewhat. If L G is a simple module we know that there exists some w such 
that C P^L- Define [, Uq{\) from L etc. as above, then = (LI') = F[UT[ 
where B' is the subset of simple roots such that Pl = U (11'). From the above 
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we get then that ’"L is completely determined by the simple {7g([)-module 
So we have reduced the problem to looking at simple 175(()-modules N satisfying 

We claim that 11' = 11^^ U 11^^ such that = (n^„) and = (n^„) 
and such that none of the simple roots in II'^s are connected to any simple root 
from . Suppose a G is a simple root and suppose a' G 11' is a simple root 
that is connected to a in the Dynkin diagram. So a + a' is a root. There are two 
possibilities. Either a + a' G F^r or a + a' G Tat. If a + a' G Fat: Since Fn is 
symmetric we have —a G F^ and since Fat is closed a' = a + a' + (—a) G Fat. If 
a + a' G Tat and a' G Tat then we get similarly a G Tat which is a contradiction. 
So a' G Fat. We have shown that if a G Fat then any simple root connected to 
a is in Fat also. So Fat and Fat contains different connected components of the 
Dynkin diagram for <I>k 

Let T = c(() 0 and i = qt^ © ()t^. Define 

~ {Fa, Ka, Kp, Fa)^ 

and 

Uq{t) = {Ea,Ka,Fa)a^Yl' , ' 

Then by construction = Uq{T) ©c Ugi^) as a vector space via ui © M 2 

uiU 2 for ui G Uq{T) and U 2 G Uq{t). 

To continue we want to use a result similar to |Lem69| Theorem 1 which says 
that there is a 1-1 correspondence between simple Fq([)-modules and simple 
{Uq{l))o modules. Since Lemire’s result is for Lie algebras we will prove the 
same for quantum group modules but the proofs are essentially the same. In 
the following I is the Levi part of some standard parabolic subalgebra p and 
Uq{r) is defined as above. Note in particular that the results work for [ = g by 
choosing p = 0. For easier notation we will set Cq := {Uq{l))o. 

Lemma 2.18 Let V be a simple Uq{l)-module and X a weight of V. Then Vx 
is a simple Cq-module. 

Proof. It is enough to show that for v G V\ nonzero we have Vx = CqV but this 
follows since Fa = (C/,([)u)a = (0^, Uq{{),yv)x = Uq{{)ov □ 

Lemma 2.19 Assume Vi and V 2 are simple Uq{l)-modules. Let A G wt Vi and 
assume (Vi)a — (^ 2 )a os Cq-modules. Then Vi = 14- 

Proof. Let Q ^ Vi G {Vi)x, i = 1,2. Then {Vi)x — Cqj Annc,(ui) as Cg-modules 
since (14 )a is simple (Lemma 12.181) . Let M = Anne, (ui), then M is a maximal 
left ideal in Cq since Cq/M is simple. We will show that there exists a unique 
maximal ideal M' of Uq{l) containing M. Let M" = Uq{l)M. Then M" Uq{l) 
because M ^ Cq and so there is a maximal ideal M' containing M". To 
show uniqueness we will show that Uq{V)/M" has a unique maximal submodule 
(and therefore a unique simple quotient). Clearly Uq{l)/M" — ^.y{Uq{l)/M'')j. 
Let be a submodule of Uq{l)/M". Then N — ^.yN D {Uq{l)/M")j. Since 
{Uq{l)/M")x = (CqjM) = ( 14 )A is a simple Cg-module we have either N n 
\Uq\\)/M' )x = {Uq{i)/M")x or n {Uq{\)/M")x = 0. In the first case we have 
1 + M" G A^ and so N = Uq{\)/M''. So all proper submodules of Uq{\)/M" have 
N n {Uq{l)/M")x = 0. Let Nq be the sum of all proper submodules. Then this 
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is the unique maximal submodule of Uq{V)/M” . So there is a unique maximal 
submodule M' of Uq{{) containing M. 

Set Mi = Anne (^i)- Then from the above we get unique maximal left 
ideals M[ of Uq{\) containing Mi. By the uniqueness we have M' = Ann^^q) (ui) 
and we have Vi = Uq{{)/M'i. Let ip : Cq/Mi Cq/M 2 be the isomorphism 
between (Vi)a and (V 2 )a and suppose </?(! + Mi) = x + M 2 . Then define 
$ : Uq/M[ —>• Uq/M 2 by $(u + M{) = ux + M!^. Then $ is a C7g([)-isomorphism 
because $ is a nonzero homomorphism between two simple modules. □ 

Lemma 2.20 Let X G X. Let N be a simple Cq-module such that Kan = 
\{Ka)n, for all a G H and n G N. Then there exists a simple Uq{l)-module V 
such that N = V\ as a Cq-module. 

Proof. Let 0 ^ n € N and set M = Annc^(n). Then there exists a maximal 
left ideal M' of Uq{{) like in the proof of Lemma [2. 191 Set V = Uq(l)/M'. This 
is a simple module since M' is maximal. We claim that Va — as C^-modules. 
This follows from the fact that Cq fl M' = M : 

M C Cq n M' by definition. Take any x G C, n M' and assume x ^ M. 
Since M is maximal in Cq we must have y G Cq such that yx — 1 € M hence 
1 G M' . This is a contradiction. So M = Cq Cl M'. □ 

It now follows that we have just like Theorem 1 in |Lem69| the theorem: 

Theorem 2.21 Let A G A. There is a 1 — 1 correspondence between simple 
Lfq{Vj-modules V with weight Va ^ 0 and simple Cq modules with weight X given 
by: For V a Uq(l)-module, V\ is the corresponding simple Cq-module. 

The next lemma we will prove is the equivalent of Lemma 4.5 in |Fer9n| . The 
proof goes in almost exactly the same way. 

Lemma 2.22 Let L be a simple Lfq{l)-module. Let Uq{t) and Uq{T) he defined 
as above. There exists a simple Uq{T)-module Li and a simple Uq{t)-module 
L 2 such that L = Li L 2 as a Uq{l) = Uq{T) (8>c Uq{t) module. Furthermore 
if VrpB^ = Ui=in(jnsq where are the different connected components in 

II/jis set tj — Q[TL)i fh f)(Ti:.)i and Uqifi) — l^Fa^ Ka^ Fa)^ • Then Lfqlff) = 

Uq{ii) ( 8 >c • ■ • Uq{is) and there exists simple Uq{ii)-modules (^ 2)1 such that 
L 2 = (^ 2)1 < 8 )c • • • (^ 2)5 as Uqiii) - --^C Uq{ts)-modules. 

Proof. Let A be one of the weights of L. Then we know that E := Lx is a 
simple finite dimensional Cq-module. Let R (respectively Ri and R 2 ) denote 
the image of Cq (respectively Uq{T)o and Uq{t)o) in Endc(A). Since E is simple 
we have R — Endc(£’). Since RiE ^ 0 there exists a nontrivial i?i-submodule of 
res^^ E and since E is hnite dimensional there exists a simple i?i-submodule Ei 
of res^^ E. The simplicity of Ei implies that the representation i?i —>■ Endc(£'i) 
is surjective. The kernel of i?i —>• Endc(£'i) must be Annfl;j(£'i). But if this is 
nonzero then since E = REi = R 2 E 1 and since Ri and R 2 commutes we see 
that Annfl(A) will be nonzero which is a contradiction since R — Endc(E). So 
Ri = Endc(£’i) is simple. Similarly there exists a simple i? 2 -module E 2 and 
i ?2 = Endc(E 2 ) is simple. Now as in the proof of Lemma 4.5 in [Eer90| we 
get i? = i?i 0 i ?2 (using |ANT441 Theorem 7.ID]). Since R — Endc(A) it has 
exactly one simple module up to isomorphism. This implies that E = Ei (8)c E 2 
as i?-modules. 


15 












Now set Lx = Uq{T)Ei and L 2 = Uq{i)E 2 . We have L\ = E = Ei (g)c E 2 = 
{Li (g)c L 2 )x and by Theorem 12.211 this implies that L = Li ^ 2 - 

The second part of the lemma is proved in the same way. The only thing we 
used about Uq{T) and Uq{i) was that Uq{V) = Uq{T)Uq{t) and that Uq{T)o and 
Uq{i)o commutes. The same is true for Uq{t) and the {7g(ti)’s. □ 

To summarize we have the following equivalent of Theorem 4.18 in |Fer90| : 

Theorem 2.23 Suppose L G E is a simple Uq{Q) module. Let w G W be such 
that is standard parabolic. With notation as above: L)^ is a simple 

Uq(l)-module and this module decomposes into a tensor product Xfin Wr 
where Xfi^ is a finite dimensional simple Uq{T)-module and Xu is a torsion 
free Uq{t)-module. Furthermore j/ t = ti © • • • © tg as a sum of ideals then 
Xfr = Xi ©c • ■ • for some simple Uq{ii)-modules. 

Given the pair (Xfi„,Xfi.) and the w GW defined above then L can be recov¬ 
ered as “L(Xfin ®c -’^fr))- 

So the problem of classifying simple modules in E is reduced to the problem 
of classifying finite dimensional simple modules of Uqfr) and classifying torsion 
free simple modules of Uq{f) where t is a simple Lie algebra. In the next section 
we will show that we can make the same reduction if q is an odd root of unity. 
The procedure is similar but there are some differences, e.g. because the 5 I 2 
theory is a little different. 

3 Root of unity case: Reduction 

We will now consider the root of unity case. In this section q G C will be 
assumed to be a primitive Vth root of unity where I is odd. 

Lemma 3.1 Let X G X and a G 11. Then X{Ka) = ig* for some k G 
{0,...,Z-I}. 

Proof. By Section 6.4 in |Lus90| we have the following relation in Ua: 


'K^;0 

'K^;-l + l 


■ z ■ 


■X«;0' 

J- 1 

1 


Z - 1_ 

Va 

Z 


Since = 0 when q is an Tth root of unity we must have that either 

q~'-+^X{Ka) - qlfi^X{Ka)~^ = 0 or qlE^X{Ka) - q'fE^X{Ka)~^ = 0 for some 
k G {1,..., I — 1}. Writing out what these equations imply we get that X(Ka) = 
±q^ for some fc G {0 ,..., Z — 1}. □ 

Definition 3.2 


Ai = {A G A|0 < (A, a'^) < Z, Va G B} 


Lemma 3.3 Let X : ^ C be an algebra homomorphism. Then X is com¬ 
pletely determined by its values on Ka and with a G 11. Choosing a 
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homomorphism a : Q —>■ {±1}, an element A° € A; and an element G f) 
determines a homomorphism X € X as follows: For a G II; 


X{Ka) 


A( 


K ^;0 


) =(A\a'^). 


All algebra homomorphisms A : ^ C are of this form, i.e. X = S x Ai x t\* 

in this case, where S is the set of homomorphisms cr : Q —> {±1}. 

Proof. We will use the relations for Ua from Section 6.4 of [Lus90| . Let /? G If. 

If X{Kp) = d then X{K^^) = d~^ and the value on [^f’“] = 0*=! ^—— 
for 0 < t < Hs also determined. The relations 


Kg;c 

I 


Kp] c + 1 
I 




'Kp-,c 
I - 1 


determine the values on for all c G Z if the value on [^|’°] and the value 

on is known. Finally if c = + t with 0 < t < I we have 


-Rp-Q 


Rp;0 

Kp] -rl 

rl + t 


rl 

t 


1 

■ Kp]Q - 

'Kp]-{r- 1)1 

Kp] -rl 


.{r - 1)^. 

1 

t 


r — 1 

=(r!)-i n 

So determining the value on Kp and determines the value on all of I/°. 

If ct,A 0,A1 is chosen as above it is easy to check that the relations from 
Section 6.4 in |Lus90| are satisfied. That all characters are of this form follows 
from Lemma [3. 1 1 □ 


Kp] —si 

-rl 

1 

t 


It can be noted in the above that A^ = AoFr' |(, where Fr' : [/(g) ^ Uqi^Q)/ — l\a G II) 
is the Frobenius map from [KL02| . We will restrict to modules of type 1 mean¬ 
ing a{a) = 1 for all a G II in the above. It is standard how to get from modules 
of type 1 to modules of any other type a (cf. e.g. [,Ian961 Section 5.1-5.4]). 

Since we restrict to modules of type 1 we will assume from now on that 
AT = A; X f)*. A weight A G X will also be written as (A°,A^) G A/ x [}*. 


Lemma 3.4 Let A G df with A*^ and A^ defined as in Lemma rOl Let fj G 4)+, 
c G Z, 


A( 


Kp\ c -f 1 

I 


A( [^^’'^])-I-1 */ (A°,/3^)-I-c = —1 mod Z 

A([^r'^]) otherwise. 
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Proof. Set a = (A°,/3'^). By (64) in Section 6.4 of |Lus90| 


K/3; c 

I 


=A 

=A 


Kp;c-i 

I 

Kp-c-1 

I 




<lT 


Kp-c-l 
I-I 

o + c — 1 
I - 1 


If) 


ra+c in jg zero unless a + c — 1 = —1 mod 1. If a + c — 1 = —1 mod I then 

L * - J- ) qp 

o + c = 0 mod I and so = 1 and = [|Zr] “ ^ 

For a character X G X and a. fx G Q we define q^X as follows: 

{q^X){K^) =g(^l“)A(iF„) = qt"''h{K^) 

(qf^X) ^ 'j =A ^ 


With this notation we get for a module M that Ea'' M\ C Mgr^x and Fa'’ Mx C 
Mg-rcx- Note also that (q’^X)^ = A^ + /3. 

We use the same definitions as in Section [5J 


Definition 3.5 Let M G E and let /3 S $. We call M ^-finite if g^^A fl wt M 
is a finite set for all X GwtM where q^^X = {g’’^A|r G N}. 


The weight vectors Ep and Fp for positive fi that are not simple are defined 
just as before by choosing a reduced expression of wq. By |Lus901 Section 5.6] 
the divided powers E^ := r G N are all contained in Ua and by abuse 

of notation we use the same symbol for the corresponding elements in Ug. 

Proposition 3.6 Let M G E and let fi be a positive root. Let Ep be any choice 
of root vector corresponding to fi. Then the following are equivalent: 

1. M is fi-finite. 

2. For all m G M, E^p'’m = 0 for r >> 0 


Proof. Clearly 1. implies 2. since E^pMx C Mgvpx- Assume 2. and suppose M 
is not /3 finite. 

We must have a A G wtM, an increasing sequence {jijigN, weights = 
qLhx G wt M and weight vectors rrii G Mij,^ such that E^l'^mi = 0 for all 


r G N\{0}. We can assume without loss of generality that if A 
then A G Z>o by Lemma 13.41 


G Z 


Now consider the subalgebra Dp of Ug generated by Ej^\ and for 
r G N where Fp is the root vector corresponding to Ep (i.e. if Ep = T^u^Eafi 
then Fp = Tiu{Fai)). For each i we get a D/j-module Dprrii with highest weight 
Hi. We claim that in each of these modules we have at least one weight vector 
with one of the weights A, q~^X,..., q~’'’~^'>^X. So we want to show for each mi 
that at least one of the vectors Fp^'^mi, mi,..., ^'’mi is nonzero. 
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We must have that one of the numbers ji,... — congruent to 0 modulo 

1. Lets call this number k. Say k = rl. Now we have 


s>0 

\K0;O 
rl 

r — l 


(k-s) 


2 s — 2/c 
s 


T^(.k — s) 

E'p 'rrii 


rrii 

Ka; —si 


I 




s=0 


where Ci = fii To show that this is nonzero we must show that Cj ^ 

{0,..., r — 1}. If A ^ integer then this is automatically fullfilled. 

Otherwise we know ji = rl — t for some t = 0,..., Z — 1. So and 


by Lemma 1331 


Q — fJ^i 


Kp;0 

I 




Kp-Q 

I 


= A 


Kp-Q 

I 


r — 1 > r. 


Since there are infinitely many rui’s we must have infinitely many weight 
vectors {vj} of weight one of the weights A, A — /3,. .., A — (Z — l)/3. 

To show that they are linearly independent let vi,... ,Vn be a finite set of 

(k-) 

the above weight vectors. They are all of the form rrii for some i and some 

(k ) 

ki. Assume is the vector where the power Ze„ is maximal. Then " Vi = 0 

for i ^ n and E^p"‘'^Vn ^ 0. It follows by induction on n that the set {vi ,..., Vn} 
is linearly independent. □ 


We define Afl^l = {m G M\ dim (^E^j'^\r G m < oo}. Proposition 12.dl and 

Lemma nil carry over with the same proof. In particular is independent 
of the choice of root vector E^. Again we call M ^-free if Afl^l = 0. Again we 
can show everything with F’s instead of E’s if /3 is negative. 

Propositions 12.91 and 12.101 carry over with almost identical proofs. Setting 
Z = 1 in the propositions and their proofs below would make the proofs identical. 


Proposition 3.7 Let M € E be a simple module and jd a root. Then M is 
/3-free if and only if wt M C wt M. 

Proof. Assume /3 is positive. If wt M C wt M then M is clearly not /3- 
finite and since M is simple we have by Proposition 12.31 that M is /3-free in this 
case. For the other way assume M is /3-free and assume we have a weight vector 
0 7 ^ m G M\ such that = 0 for some r G N. For any Z G N, ^ 0 

so 

7j,(rZ+2) 

m = 


i + rl 


EfE^p^'>m = 0 
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But this implies that m G which contradicts the assumption that M is 

/3-free. If /3 is negative we do the same with F’s instead of E’s. □ 


Proposition 3.8 Let L G J- he a simple module. is a closed subset o/d*. 

Proof. Assume/?, 7 G with/? + 7 G d>. Then since/? G T^, g^^^wtL C wtL. 
Since 7 G Tl we get then wt L C wt L so gNd/3+7) wt L C wt L. □ 


Proposition 3.9 Let L G F be a simple module. Fl and are closed subsets 
of d? and d> = Fl U (disjoint union). 

Proof. Tl is closed by Proposition 13.81 Tl is closed by the same proof as 
the proof of Proposition 12.Ill Note that the constants in the proof of Proposi¬ 
tion [2iTT] that are inverted are all nonzero even when g is a Pth root of unity as 
long as I is odd. □ 


We define Tl like in Section [5] and we assume like above that Tl is standard 
parabolic by considering “T for an appropiate w GW. The subalgebras Uq{p), 
Uq{{), Uq{u), Uq{u~) etc. are defined as above but this time with divided powers. 
For example we have 



K T^’'^\ 

’ /j=i. 




and so on. Now the rest of the lemmas and proposition carry over with the 
same proofs as before and we have the following equivalent of Theorem 12.231 


Theorem 3.10 Suppose L G T is a simple Uq{Q) module. Let w G W be such 
that T^l is standard parabolic. With notation as above: (“'T)“ is a simple 
Uq{i)-module and this module decomposes into a tensor product Agn ^fr 
where Afin is a finite dimensional simple Uq^r)-module and Afj. is a torsion 
free simple Uq{t)-module. Furthermore // t = ti © • • • © h as a sum of ideals 
then Afr = Ai ©c ' •' ©C Xg as Uq{ti) © • • • © Uq(is)-module for some simple 
Uqifi)-modules Xi, i = 1 ,..., s. 

Given the pair (Af}„, An) and the w GW defined above then L can be recov¬ 
ered as '“(T(Agn ©c Afr)). 


So in the root of unity case we have also that to classify simple modules in 
F we just have to classify finite dimensional modules of Uq{T) and ’torsion free’ 
modules over Uq{t), where t can be assumed to be a simple Lie algebra. 


4 Ua formulas 

In this section we recall from [Pedldb] some formulas for commuting root vectors 
with each other that will be used later. Note that in [Pedl5b| the braid operators 
that we here call T^, are denoted by T^,. In |PedI5b| T^, denotes twisting 
functors. 

Recall that A = 'Z[v,v~^] where v is an indeterminate and Ua is the A- 

(n) (n) 

subspace of Uy generated by the divided powers Ea ', Fj, , n G N and K^, 
K-\ 
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Definition 4.1 Let x S {Uy)f^ and y G (Uy)ry then we define 


[x,y]y := xy - V 

Theorem 4.2 Suppose we have a reduced expression of wq = Si-^ ■ ■ ■ and 
define root vectors , • ■ ■, • Let i < j. Let A = Z[z;, and let A' be the 

localization of A in [2] if the Lie algebra contains any Bn,Cn or F/^ part. Then 

[Fp„Fp^]y = Fp^Fp,-v-^^^\P^^Fp,Fp^ e span^, 


Proof. [LS911 Proposition 5.5.2]. Detailed proof also in [Pedl5bl Theorem 2.9].n 

Definition 4.3 Define a.d{Fp) {Fa) := [[. .. [Fa,F/3]t; • ■ ■]v,Fi 3 ]y and a.d{F^){Fa) : 
[Fjs, [..., [Ffj, Fa]v ... jji; where the commutator is taken i times from the left and 
right respectively. 

Proposition 4.4 Let u G {Ua)^i, fi G $'*’ and Fp a corresponding root vector. 
Set r = {y^fiF). Then in Ua we have the identity 

ad(F^)H = 

n—0 

and 

^d{Fi,){u) = 

n—0 

Proof. Proposition 1.8 in |Pedl5b] . □ 

So we can define ad(F^*^)(M) := ([z]!)“^ ad(Pg)(u) G Ua and ad(Pg*^)(M) := 
([z]!)-i^d(F^)H G Ua. 

Proposition 4.5 Let a G N, m G {Ua)h and r = {pL^fdA). In Ua we have the 
identities 

a 

uF^^^ pA-^) ad(pf )(u) 

and 

a 

F‘f'>u = Y, 

z^O 

i=0 

Proof. Proposition 1.9 in [Pedl5b] . □ 
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Proposition 4.6 For xi G {Ua)i_ii, X 2 G {Ua)ij .2 o-n-d y G {Ua)^ we have 
[y, XiX2]v = Xi [y, X2]v + [y, Xi]yX2 

and 

[xiX2,y\v = v~^"'''^^'>xi[x2,y\v + [xijy]vX2 


Proof. Direct calculation. □ 

Let Sij ... Si„ be a reduced expression of wq and construct root vectors , 
i = 1,..., In the next lemma Fp. refers to the root vectors constructed as 
such. In particular we have an ordering of the root vectors. 

Lemma 4.7 Let n G N. Let 1 < j < k < N. 

ad(F«)(F^”)) = 0 and ) = 0 for i » 0. 

Proof. Lemma 1.11 in |Pedl5b| . □ 


5 Ore localization and twists of localized modules 


In this section q will be a complex primitive Z’th root of unity with I odd. Recall 
that we will assume X = A/ x [)* in this case restricting to modules of type 1. 
For an element A G AT we define A° G A/ and A^ G i)* as in Lemma [3.31 such 
that X{Ka) = and A([^|’°]) = (A^,q;^) for a G II and we will also write 

A = (A0,A1) GX. 

Lemma 5.1 Let fd be a positive root and Fp a corresponding root vector. The 
set 

e N} = |r G N} 

is an Ore subset of Uq. 


Proof. We can assume fi is simple since otherwise Fy = Tyj{Fa) for some a G 11 
and some w & W and Ty^iUq) = Uq. Since r\F ^^^= (r + the 

set is multiplicative and does not contain 0. We will show the Ore property for 
each generator of Uq. First consider a G Lt a simple root not equal to (3. Let 
n G N. We have the following identities for r > 1 (cf. Proposition 14.5|l 




A'rl) T^±l 


=K^^rlF, 


Ari) 


Fi^\\F^p^'> =r\Ff'>F^'^ 


r—1 

k—{) i—kl-\-l 
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where Ci = 
0 < i < Z: 


i(i+(a,/?'')) 

9/3 


r(r — 


1) • ■ • (r — /c). Finally we have the 5(2 identities for 




Efr\F^p^'> =r\F^^^'> Ef +^r{r - 


if/?; i — rZ 
t 


- 1/3 


So we have shown that it is an Ore set. 


□ 


We will denote the Ore localization of Uq in the above set by Uq(^Pi^). For a 
i/q-module M we define := Uq(^p^) ®u, M. We write the inverse of F^'~''\ 

r e N as i.e. = r! ^ G t/,(F^). 

Lemma 5.2 Let A = (A°,A^) G A/ x f)*, /3 G $'*" and let Fp be a corre¬ 
sponding root vector. Let I\ be the left Uqf^p^yideal Uq(^pp^{(u — A(m))|u G 
Uq}. Then there exists, for each 6 G C, an automorphism of Uq(^p^ymodules 
■ Uq{Pf,)/I\ -t Uqi^py/Iyoyiptp) such that for u G Uq(p^) and i G N, 
tpp^^iiu + Ix) = + /(ao,ai-i-i/3) and the map b f’p^^b^u + Ix) is 

polynomial in b. Furthermore ^ o -ipp^ ^ for b,b' G <C. 


Proof. If /3 is not simple then Fp = Tyj{Fa) for some simple root a G H. 
Then we define ifp^^bia) = Twiipp^^bC^w^{u))) where T~^{Fp~’‘^) = and 

Tw{Fa ^'’) = Fp So we assume from now on that /3 G H. 

We define j, on generators: For a G n\{/3} and n G N 


i’F,.b{F^^^) =Fi^^ 


-E 


fe >0 

/,A / 7 .-±l\ _\tTP±l 


b 

k Fl 


kl+l 


£ ad(F«)(F(")) 


rF„b{K^') =HK^^) 

VF„b{F^^^) =F'f^ 

i’F^.biEp) =F/3 +6F^-')f^'-i)[(Ao,/3'^) + l]p 

i’F.AKf) =KKf). 




t 


+ 5f(-'\(Ai,/3^) + 1-5) 


The sum given in the formula for F^”^ is finite by Lemma 14.71 It is easy to 
check that ifp^piu + Ix) = + IyoyT.+bp) for i G N and it is seen 

from the formulas that b 1 -^ ifA i^{u + Ix) is polynomial. So tfA /, satisfies the 
generating relations of Uq for 6 G N hence it satisfies the generating relations for 
all 6 G C because pjA f,(u) is polynomial in b. Similarly we can show the rest of 
the claims by using the fact that b 1 —>■ ^{u) is polynomial. □ 


23 






We will define a twist of the action of a [/^(p’^j-module: 

Definition 5.3 Let M be a Uq(^p^ymodule. We define tjjFp,b-M to be the module 
equal to M as a vector space with action twisted via Form & M we denote 

the corresponding element in by Let A = (A*^, A^) €wtM and 

assume m G M\. We have a homomorphism of Uq(^Fp)~nT'Odules tt : Lfq(^Fp)/I\ 

M defined by sending u + I\ in Uq(^Fp)II\ to um. We define for u € Uq(^Ff})' 

U ■ IpFfi.b-m = 1pFfi,b- 

where u = u + I(\o x^-bp) G Uqt^Ffi)/I(x°,\^-bp)- 
Lemma 5.4 Let M be a Uq(^Ff))-'m.odule. Let r G Z. 

1pFi,,r-M = M. 

Furthermore for A = (A°,A^) G wtM we have as (Uqi^Fp))o-^odules 

'fFp,r-Mx = M(x°X-rP)- 


Proof. The isomorphism in both cases is given by 'ipFp,r-na i—>■ F^^'^m. Using 
the fact that ■i/;^ ~^^\u + I(\o^\i-rP)) = F^~'"’''^uF^^'''^ +1\ it is easy to show 

that this is a homomorphism and the inverse is given by multiplying by F^ 

Definition 5.5 Let S C $+. Then E is called a set of commuting roots if there 
exists an ordering of the roots in E; E = {/3i,..., /3s} such that for some reduced 
expression of wn and corresponding construction of the root vectors Fa we have: 
\F„.F,.\, = OIorl<i<i<s. 

For any subset J C 11, let Qj be the subgroup of Q generated by I, $/ the 
root system generated by I , = $+ n $/ and 

We have the following equivalent of Lemma 4.1 in |MatOO| : 

Lemma 5.6 1. Let / C If and let a G L. There exists a set of commuting 

roots E' C with a G E' such that E' is a basis of Qj. 

2. Let J, F be subsets of If with F H. Let E' C be a set of 

commuting roots which is a basis of Qj. There exists a set of commuting 
roots E which is a basis of Q such that E' C E C 

Proof. The first part of the proof is just combinatorics of the root system so 
it is identical to the first part of the proof of Lemma 4.1 in |MatOO| : Let us 
first prove assertion 2.: If J is empty we can choose a G n\F and replace J 
and E' by {a}. So assume from now on that J 7 ^ 0. Set J' = J\F, p = | J'|, 
q = I J|. Let Ji,... ,Jk be the connected components of J and set J' = J' fl 
Fi = F C\ Ji, and E- = E fl <l>j., for any 1 < i < k. Since E' C is a basis 
of Qj, each E' is a basis of Qj^. Since E' lies in $j.\4>J., the set J' = Ji\Fi 
is not empty. Hence J' meets every connected component of J. Therefore we 
can write J = {ai,..., aq} in such a way that J' = {ai,..., ap} and, for any s 
with p + 1 < s < ( 7 , Os is connected to ai for some i < s. Since H is connected 
we can write n\ J = {og+i,..., in such a way that, for any s > g + 1 , Og is 
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connected to on for some i with l<i<s. Son = {ai,...,a„} such that for 
s > p we have that Us is connected to some ai with 1 < i < s. 

Let S' = {^ 1 , ... ,Pq}. We will define Pq+i, ■ ■ ■ ,l3i inductively such that for 
each s > q, {/3i,..., /3s} is a commuting set of roots which is a basis of 
So assume we have defined j3i,... ,(3 s- Let Wg be the longest word in Sq.^ ,..., Sa^ 


and let uig+i be the longest word in So 


, Sds+i ■ Choose a reduced expression 


of Wa such that the corresponding root vectors {fjg} satisfies = 0 

for i < j. Choose a reduced expression of rug+i = Wsw' starting with the 
above reduced expression of Ws. Let Ng be the length of Ws and -/Vg+i be the 
length of Ws+i. So we get an ordering of the roots generated by {ai ,..., Og+i}: 

with = {7i,---,7ivJ- 

Consider 7 Ar,+i = Ws(as+i). Since Wg only consists of the simple reflections 
corresponding to ai,... ,as we must have that 7 Ar^+i = Os+i + Si=i for 


some coefficients rui £ N. So {/3i,..., /3s, is a basis of 

Theorem 14.21 we get for 1 < i < s 


il 


. From 


, Fp,]q G spanc {f;^ ■ • • \a^eN}}. 


But since { 71 ,... , 7 ArJ = and since 7 Ar„+i = Os+i + I]i=i "liCti we 

get [Fj,^,+^,F 0 ,]q =0. 

All that is left is to show that 7 Ar,+i ^ By the above we must have that 
Os+i is connected to some at G J'. We will show that the coefficient of ai in 
7 Ar„+i is nonzero. Otherwise (yAr^+ijaj) < 0 and so 7 Ar^+i + Oi G 
and by Theorem 1 in (K p94], 7 Ar,+i + ai = 7 j for some 1 < J < s. This is 
impossible since 7 Ar„+i + ai ^ ‘f’{ai,...,as}- So we can set /Sg+i = JNs+i and the 
induction step is finished. 

To prove assertion 1. it can be assumed that / = If. Thus assertion 1. follows 
from assertion 2. with J = {a} and F = %. □ 


Lemma 5.7 Let S = {/3i,..., /3„} he a set of commuting roots with correspond¬ 
ing root vectors , • ■ •, F/ 3 „, then F ^^, ■ • ■, commute. 

Proof. Calculating in Uy for i < j we get using Proposition 14.61 


[Ft 


(0 /^(Oi _ 

-1^ - 


Tji[d,,r/.l. = o 


hence =0mUA. Since F^^F^-^- 

F^^'^Fp'^ = Fp'^Fp'^ — Fp''Fp'^ we have proved the lemma. □ 


Corollary 5.8 Let S = {/3i,... ,/3„} be a set of commuting roots with corre¬ 
sponding root vectors Fp ^,. ■., Ps„ ■ The set 




73i 


=(K')' 


■«’) 


(r-nO 


ri,... ,r„ G N} 
|ri,...,r„ gN) 


is an Ore subset of Uq. 

Proof. This follows from Lemma O and Lemma lOl □ 
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We let C^ 5 (_Fs) denote the Ore localization of Uq in the Ore subset Fs- For a 
C/q-module M we define = Uqi^p^) ®u^ M. 

Definition 5.9 Let S = {/3i, ..., /?„} be a set of commuting roots that is a basis 
of Q with a corresponding Ore subset F^. Let v G t)*, p = some 

Oi € C. For a Uq(^p^ymodule M we define ifp^^^.M = ipp^^^ai o ■■■ o ipFi 3 „,a„-M. 

Corollary 5.10 Let T, be a set of commuting roots that is a basis of Q. Let 
y G Q and let M be a Uq(^p^ymodule. Then 

ifp^^^.M ^ M 

as Uq(^p^ymodules. Also for X = (A'^, A^) G wt M: 

= M(^x°y^+p) 


as {Uq(^p.^'))o-modules. 

Proof. Since E is a basis of Q we can write pL = some ap G h. 

So the corollary follows from Lemma [531 D 

Definition 5.11 A module M G F is called admissible if its weights are con¬ 
tained in a single coset o/(A; x ()*)/(A; x Q) and if the dimensions of the weight 
spaces are uniformly bounded. M is called admissible of degree d if d is the 
maximal dimension of the weight spaces in M. 

Of course all finite dimensional simple modules are admissible but the inter¬ 
esting admissible modules are the infinite dimensional admissible simple mod¬ 
ules. In particular simple torsion free modules in F are admissible. We show 
later that each infinite dimensional simple module L gives rise to a ’coherent 
family’ EXF{L) containing at least one simple highest weight module that is 
admissible of the same degree. 

We need the equivalent of Lemma 3.3 in |MatOO| . Some of the proofs leading 
up to this are more or less the same as in |MatOO| but for completenes we include 
it here as well. 

Definition 5.12 A cone C is a finitely generated submonoid of the root lattice 
Q containing 0. If L is a simple module define the cone of L, C{L), to be the 
submonoid of Q generated by Tp. 

Lemma 5.13 Let L G F be an infinite dimensional simple module. Then the 
group generated by the submonoid C{L) is Q. 

Compare (M atOO) Lemma 3.1 

Proof. First consider the case where Tp n {—Fp) = 0. Then in this case we 
have $ = T£ U F£. Since Ff and T£ contain different connected components 
of the Dynkin diagram and since L is simple and infinite we must have $ = T£ 
and therefore C{L) = Q. 

Next assume Tp fl {—Fp) 0. By Lemma 4.16 in [Fer90| Pp =T[U Fp and 

P£ = Tp U Ff are two opposite parabolic subsystems of $. So we have that 
Tp n {—Fp) and {—Tp) fl Fp must be the roots corresponding to the nilradicals 
of two opposite parabolic subalgebras of g. Since we have g = D+ -f 0“ -I- 
we get that Tp fl {—Fp) generates Q. Since C{L) contains Tp fl {—Fp) 
it generates Q. □ 
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Definition 5.14 Let x > 0 be a real number. Define pi{x) = Cardi3;(a;) where 
Bi{x) = {p e lQ\\/{p\p) < 2 ;} and IQ = {Ip, G Q\p G Q}. 

Let M G be a weight module with all weights lying in a single coset of 
(A; X ^*)/(A/ X Q) say (0, A^) + (A/ x Q). The density of M is 

Si{M) = liminf E 

For a cone C we define S{C) = liminfa;_j.oo Card(C' fl i?i(x)) = 

liminfaj^oo Pi{x)~^ Card(ZC' fl Bi{x)) where IC = {Ic G Q\c G C}. 

Lemma 5.15 There exists a real number e > 0 such that Si{L) > e for all 
infinite dimensional simple modules L. 

Proof. Note that since C wtL for all A G wtL we have 5i{L) > 

5{C{L)). 

Since C{L) is the cone generated by Tl and C $ (a finite set) there can 
only be finitely many different cones. 

Since there are only hnitely many different cones attached to infinite simple 
dimensional modules and since any cone C that generates Q has <5(17) > 0 we 
conclude via Lemma 15.131 that there exists an e > 0 such that 5i (L) > e for all 
infinite dimensional simple modules. □ 

Definition 5.16 Let M be a Q-module. We can make M into a Uq-module by 
the Frobenius homomorphism: We define to be the Uq-module equal to M 
as a vector space and with the action defined as follows: For m G M , a G 11, 

=m 
Earn =0 
E^'^m =eam 
Earn =0 

=fam 

where Ca is a root vector of g of weight a and fa is such that [e^, fa] = ha- The 
above defines an action of Uq on M by Theorem 1.1 in {KLOlUj . 

Proposition 5.17 Let A = (A°,A^) G X and let L{X) be the unique simple 
highest weight module with weight A. Then L{\) = Lc(A^)^*^ (8>L((A®,0)) where 
Lc(A^) denotes the unique simple Q-module of highest weight A^. 

Proof. The proof of Theorem 3.1 in |AM15| works here in exactly the same 
way. □ 

Lemma 5.18 Let M & E be an admissible module. Then M has finite Jordan- 
ITolder length. 

Proof. As M is admissible, we have 6 i{M) < 00 . For any exact sequence 
0 —>■ Ml —>• M 2 —t M 3 0, we have Si{M 2 ) > Si{Mi) + Si^Ms). Let Y be the 
set of all /X G A such that | {p,a^) | < 1 for all a G If. By Proposition 15.171 
and the classification of classical simple finite dimensional g-modules any finite 
dimensional f7q-module L has ^ 0 for some G A; and some G Y. 

It follows like in [MatOOl Lemma 3.3] that the length of M is hnite and bounded 
by A + 6 i{M)/e where A = dimM(^o^^i) and e is the constant from 

Lemma 15.151 □ 
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Lemma 5.19 Let M be an admissible module. Let S C be a set of com¬ 
muting roots and a corresponding Ore subset. Assume — E C Tm- Then for 
A = (A°,Ai)eX; 


dim(M_Fj,)A = max{dimM(;^o_Ai+A.)} 

and if dimMA = max^gzs{diniM(AO_Ai+/i)} then = Mx as {Uq)o- 

modules. 

In particular ifT,G Tm as well then = M as Uq-modules. 

Compare to Lemma 4.4(ii) in [Mat00| . 

Proof. We have E = {^i,..., fir} for some Pi,... ,j3r S $+. Let ,..., 
be corresponding g-commuting root vectors. Let \ & X and set 

d = max{dimM(AO,Ai+M)}- 

Let P be a finite dimensional subspace of {Mf.^)x. Then there exists a ho¬ 
mogenous element s € Fe such that sV C M. Let v G ZE be the degree of 
s. So sV C Mqux hence dimsfo < d. Since s acts injectively on we have 
dimfo < d. Now the first claim follows because acts injectively on Mp.^ 

for all /? € E. 

We have an injective t/g-homomorphism from M to Mp.^ sending m € M to 
1 (g) 771 S Mp.^ that restricts to a (t7g)o-homomorphism from Mx to {Mp^)x. If 
dimMA = d then this is surjective as well. So it is an isomorphism. The last 
claim follows because ±E C Tm implies dimMA = dimM^^A for any fi G ZIE; 
so Mx = {Mp.^)x for any A € X. Since M is a weight module this implies that 
M = Mp.^ as C/q-modules. □ 

Lemma 5.20 Let L G F be a simple module. Then the weight spaces 

of L are all 1-dimensional. 


Proof. For sl 2 there is only one simple root a and we will denote the root 
vectors Fq, and Fa by F and F respectively. Similarly Consider 

the Casiniir element C = EF + — ■ Let X G wt L and let c € C be an 

eigenvalue of C on Lx- Consider the eigenspace F(c) = {n G Lx\Cv = cv}. Then 
Fd)^(0 acts on this space since C commutes with all elements from Uq{s{ 2 ). 
Choose an eigenvector vq G L(c) for F^^'^E^'). We will show by induction that 
F(")f(")i;o G Cvo for all n G N. The induction start n = 0 is obivous. Let 
n G N and assume n = i + rl with 0 < i < 1. IfiT^O then [n] 0 and we have: 


^(»)f(") 7 ;o 




Vo 


^(AO|a)-71-2n ^2n-l-(A“|a) ' 


= £;("-!) c- 

rn \ 


{q-q-^Y 


Vo 


where a is the simple root. So the claim follows by induction. In the case that 
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i = 0 we have 


1 


r 

i 


= iij(’''-0 pirl 

Y> 


-t) 


t=0 

I 


K- 2t-rl- t 
t 




Vo 


= _^(’'^-0 pirl-l) p{l-t) p{l-t) 

rp 




K\l — rl 
t 


Vo 


=lp(’"‘-0pi^i-^) p(i) ^ ^ p{i-t)p{i-t) 


i-i 


t=i 


{X°\a)+l-rl' 

t 


P{\\a^) + l-r 


Since vo is an eigenvector for we have only left to consider the action 

of for 1 < i < 1. But we can show like above that E^''^vo G Cuq by 

using that C = FE + ■ 

Now since L is simple we must have that L\ is a simple (17q)o-module 
fLemma l2.18|) . So Lx is generated by vo- Since F^'^'>vo G Cuq for all n S C 
we get dim La = 1. □ 


Lemma 5.21 Let L be a simple infinite dimensional admissible module. Let 
(3 G (Tf)'^. Then there exists a b G C such that ipp^^t-LFp contains a simple 
admissible Uq-submodule L' with Tpi GTp and /3 ^ Tpi. 


Proof. By Lemma 15.191 L = Lp^ as [/^-modules so we will write L instead of 
Lp^ when taking twist. The [/q(i;’^)-module structure on L coming from the 

isomorphism. Let Dp be the subalgebra of Uq generated by 
n G N. Then Dp is isomorphic to the algebra {/^^(sb). Let v G L and consider 
the D^-module Dpv. Since L is admissible so is Dpv. So Dpv has a simple 
£)/ 3 -submodule V by Lemma [5. 181 

Let u G P be a weight vector such that Epv = 0 (such a v always exists 
since E^ = 0). Assume A is the weight of v. By Lemma r5.2()l fj^^L^^^7; = cv for 
some c G C. 

Then by (the proof of) Lemma [5^ we get 


Pp'^E^p'^'^Po.b-V 


1-1 


=^^;p^p[c + bY,Ft'^El^~'^ 




{Ao,/3^) 


+ ^((Ai,/3^) -l-1 — 6) ) u 


=ipPf^,b- (c-l- 6((Ai,/3^) -I-1 - b))v. 


Since C is algebraically closed the polynomial in b, c-|-5((Ai, /3^) -1-1 —6) has a 
zero. Assume from now on that 6 G C is chosen such that c-|-6((Ai,/3^)-|-l — 6) = 
0 . 

Thus ifp^^b-L contains an element v' = ipp^^b-v such that E^'^E^p\' = 0 
and since acts injectively on ipp^^b-L, we have E'p\' = 0. Set V = {m G 

ipp^^b-LjE^^^m = 0,N >> 0} = (i/;p^^b-L)^^L By Proposition 12.31 this is a Uq- 
submodule of the C/g-module ifp^^b-L. It is nonzero since v' G V. By Lemma [5.18l 
V has a simple L(j-submodule L'. 
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We have left to show that T^i C T^. Assume 7 S T^i. Then g™'’'wtL' C 
wtL' by Proposition 13.71 But since wtL' C {(A°, — 5/3)|(A°, A^) G wtL} we 

get for some G wt L, v^—bl5+r^)\r G N} C {(A°, A^—6/3)|(A°, A^) G wt L} 
or equivalently C wt L. But this shows that 7 ^ and since L is a simple 
Fq-module this implies that 7 G T^. By construction we have /3 ^ Tj,'. □ 

Lemma 5.22 Let L G be a simple module. Then there exists a w such 
that w{Fl\FI) C and w{Tl\T[) C 

Proof. Lemma 4.16 in [Fer90| tells us that there exists a basis B of the root 
system d* such that the antisymmetrical part, Fi\F£, of F^ is contained in the 
positive roots <i>g corresponding to the basis B and the antisymmetrical part, 
Tl\TI, of Tl is contained in the negative roots corresponding to the basis. 
Since all bases of a root system are W-conjugate the claim follows. □ 

Lemma 5.23 Let L be an infinite dimensional admissible simple module. Let 
w G W be such that w{Fl\F[) C d*'*'. Let a G II be such that —a G w{Tif) 
(such an a always exists). Then there exists a commuting set of roots E with 
a G E which is a basis of Q such that — E C w{Tif). 

Proof. Set L' = ’"L. Since w{Tl) = Tn,^ = T^/ we will just work with L'. 
Then Fl\FI, C 4>+. 

Note that it is always possible to choose a simple root a G —T^i since L' 
is infinite dimensional: If this was not possible we would have <!>“ C F^t. But 
since Fli\FI, C this implies F^' = $. 

Set F = F£, n n. Since L' is infinite dimensional F 7 ^ 11. By Lemma lABl 2. 
applied with J = {a} = E' there exists a commuting set of roots E that is a basis 
of Q such that E C <1?+\$J. Since Fli\F[, C $+ we have = Tf), U (F£,)“. 
To show -E C Tl' we show ($“\$£;) n F£, = 0 or equivalently (F£,)“ C $£;. 

Assume (3 G F£, n $+, /3 = X^aen ^ "^he height of (3 is the sum 

Saen show by induction on the height of (3 that —(3 G $£. If the 

height of /I is 1 then /3 is a simple root and so /? G F. Clearly —f3 G in this 
case. Assume the height of (3 is greater than 1. Let a' G 11 be a simple root 
such that /? — a' is a root. There are two possibilities: —a' G T^i or ±a' G F£,. 

In the first case where —a' G Fl' we must have —f3 + a' G F£, since if —/3 + 
a' G Tl then —/3 = {—(3 +a') — a' G Fl' because F^/ is closed (Proposition [XU). 
So (3 — a' G F£, and (3 G F£,. Since F^/ is closed fProposition 12.1111 we get 
—a' = {13 — a') — P £ Fl which is a contradiction. So the first case {—a' G Fj,/) 
is impossible. 

In the second case since F^/ is closed we get ±{(3 — a') G F^/ i.e. f3 — a'G F[,. 
By the induction —{/3 — a') G and since —(3 = —{(3 — a') — a' we are done.D 

6 Coherent families 

As in the above section g is a complex primitive Vth root of unity with I odd in 
this section. For A G A we write A = (A°, A^) like above. 

Lemma 6.1 Let M,N G F be semisimple Uq-modules. If Tr^ = Tr^ then 
M^N. 
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Proof. Theorem 7.19 in |Lam01| states that this is true for modules over a 
finite dimensional algebra. So we will reduce to the case of modules over a finite 
dimensional algebra. Let L be a composition factor of M and A a weight of L. 
Then the multiplicity of the Ug-composition factor L in M is the multiplicity 
of the (C/q)o-composition factor L\ in M\ by Theorem 12.211 M\ is a finite 
dimensional (t/q)o-module. Let I be the kernel of the homomorphism (Uq)o 
Endc(MA) given by the action of {Uq)Q. Then {Uq)^/! is a finite dimensional 
C algebra and M\ is a module over {Uq)o/I- Furthermore since Tr'^(A,M) = 0 
for all M S / the trace of an element u G iUq)o is the same as the trace of 
u + I G {Uq)o/I on M\ as a (t/ 5 )o/L-module. So if Tr'^ = Tr^ the multiplicity 
of Lx in Mx and Nx are the same and hence the multiplicity of L in M is the 
same as in □ 

Definition 6.2 

T* = 


By Corollary 15.101 it makes sense to write for t G T* up to isomor¬ 

phism for a C/q(/7’j,)-module M. 

Definition 6.3 A (quantized) coherent family is a Uq-module A4 such that for 
all fi G Ai: 

• dimAi(^_i/) = dimAi(^_i//) for all v,v' G f)*. 

• For all u G {Uq)o, the map 1)* B v i-G Tr polynomial. 

For a coherent family A4 and t G T* define 

M[t]= ^ Al(^o_^i). 

AA is called irreducible if there exists a t G T* such that AA[t] is a simple 
Uq-module. 

Lemma 6.4 Let AA be a coherent family. Let p, G Ai. Then the set Ll of all 
weights i/ G I}* such that the {Uq)o-module is simple is a Zariski open 

subset o/ f)*. 

If AA is irreducible then ^ 0 if ^ 0 for any v G iq* (equivalently 

for all V G t)*). 

Proof. If = 0 for all n G 1)* then H — 0. Assume dimAl(^^y) = d > 0 

for all ly G (j*. If At is irreducible there exists t G T* such that M[t\ is a 
simple t/q-module. Then for v G t^ is a simple t/^-module 

by Theorem 12.211 So in this case Ll ^0. 

Now the proof goes exactly like in [MatOOl Lemma 4.7]: The (17q)o-module 
is simple if and only if the bilinear map B^, : (t/q)o x (17q)o B {u,v) i— 
Tr(uu|x(^ has maximal rank df. For any finite dimensional subspace E C 
{Uq)o the set LIe of all v such that By\E has rank df is open. Therefore Ll = 
UeLIe is open. □ 
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Definition 6.5 Let L be an admissible Uq-module and let fj, G A;. 


Supp(L,/i) = € [)*| dimL(^_^) > 0} 


and 


SupPgss(L,/x) = {v G Supp(L,/x)| dimL(^ is maximal in {dimL(^ G h*}}- 


Definition 6.6 Let M be an admissible module. Define M'*® to be the unique 
(up to isomorphism) semisimple module with the same composition factors as 

M. 

Let V be a Uq-module such that V = Vi for some index set I and some 

admissible Uq-modules Vi. Then id®® = 

Proposition 6.7 Let L be an infinite dimensional admissible simple Uq-module. 
Then there exists a unique (up to isomorphism) semisimple irreducible coherent 
family £XD{L) containing L. 

Proof. Let w G W he such that w{Fl\F[) C and E a set of commuting 
roots that is a basis of Q such that — E C w{Tl) (Exists by Lemma [5.221 and 
Lemma [5.251) with corresponding Ore subset F^. Set 

£XT{L):=(^^{f;p^,t.rL)F^)\ . 

\t&T‘ ) 

For each t G T* choose a representative &t. As a (f7q(j’2))o-module 

fA’r(L)= 

teT* 

Define Y := {p, G Ai\ Supp(“'L, p) 0}. For each p gY \et G SupPeggC^L, p). 
By Corollary 15.101 


{'“L)f^ = 0 0 V’Fs.i/-((“L)j’s)(^.A^) 

Aiev j/eQ 


as (t7q(i?j,))o-modules. 

So we have the following ({7q(fj,))o-module isomorphisms: 


£XT{L) =0 0 0“ ('0Fs.i/t+!^-((’“-^)FE)(^,A^)) 

/iev tGT* 

Let u G (Uq)o and p G Y. Then we see from the above and Lemma 15. 191 that 

By Lemma 15.21 this is polynomial in z/ — hence also polynomial in f. We know 
that this polynomial is determined in all f such that z/ — S Suppggg(L, p). 
Suppggg(L, p) is Zariski dense in f)* because A^ — NE C Suppggg(L, p) and E is 
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a basis of Q. So Tr is determined on all of SXT{L) by L. For any (/i, i^) G X 
we have 


= dim(rL)i^s)(^,A^) 


so £XT{L) is a coherent family. 

Assume Ad is a semisimple irreducible coherent family containing L. Let 
H GY. By Lemma 16.41 the set ili oi i/ G t)* such that f A’T(L)(^,iy) is simple 
and the set 172 of z/ S 1 )* such that Ad(^ is simple are non-empty open subsets 
of t}* (17i 7 ^ 0 because f A’T(L)(^,i/) = L{ij,,^) for v G Suppggs(L,/r)). So their 
intersection 17i n 172 is open and non-empty (since any Zariski open set of f)* is 
Zariski dense in 1)*). Since Suppgsg(L, /i) is Zariski dense we get that there exists 
a F G 17i n 172 n Suppggs(L,/r) such that and £XT{L)i^^ „'j are simple. 

Since C and C £X'~r{L')(^p j^'j we get = 

£’A’T(L)(^,j/). This is true for any (/i, f) such that ly G Suppgss(L,/i). Let u G 
{Ug)o and fi GY. Then we see that Tr u|£;tr(L)(^,„) = Tritli^^ 
for any v G Suppgsg(L,/r). Since Suppgss(L,p.) is Zariski dense this implies 
TrM|fAfr(L)(^,„) = TrM|M(^,,) for all v G . So by Lemma |niT]^A’T(L)(^,i,) = 
as (17q)o-modules for any (/i, i^) G wt£XT(L). 

Then by Theorem 12.211 we get that Ad = £XT(L) ©A/” for some coherent 
family M with the property that A/(^_i/) = 0 for any (^, v) G X such that 
Supp(L, /r) 7 I 0. Since Ad is irreducible there exists a. t G T* such that the 
17q-module Ad[7] is simple. We have Ad[7] = £XT{L)[t\ © A/’[7]. Since Ad[7] is 
simple and £XY{L)[t] 7 ^ 0 we get that A/’[7] = 0. Since A/” is a coherent family 
this implies that A/” = 0. So Ad = £XT{L). 

So we have left to show that £XT{L) is irreducible. Let be 

the root vectors corresponding to E = {/3i, ..., /?„} and ..., the corre¬ 
sponding F-root vectors. Let fi gY. As above we choose a S Suppgss("'F). 
The elements 7 = 1, ..., n act on ?/'Fs.i^-(("'f-)F 2 )©.A^) by Yfj=iPt,j{v)ui,j 

for some ^ G Ugi^p^-^ and some polynomials ■ : t)* —>■ C so 


i=l 

is a nonzero polynomial in v by (the proof of) Lemma l5.2l Set p = Iluev P^^■ 

17 be the set of non-zero points for p. By [MatOOl Lemma 5.2 i)] the set T(17) 
n^gQ(At + fd) is non-empty. So there exists avG\)* such that p{v + ^ 0 for 

any p^ G Q. For such a 1 / we see that act bijectively on 

® ® l/'Fr.i^-((“’i)Fs)(M.A^+Mi) =l/'Fr.i/-(“i)Fs- 

Since act injectively on L) this implies that F^*^ act injectively on 

fpFsp-i^F)p^. Let Fi C ^Fs.i/-(“L)fe be asimple Ug-submodule of ^Fs.i/-(“L)fe 
B y the above we have ±E C Tp-^. So by Proposition llLTI we get Tp^ = $. Define 
£XTiL,) = (0,g^. (V'F..t.(Li) Fe))*^- Then as above this is a coherent family. 
Let A' G wt Fi. Then £X'T[X' + Q] = (Li)fe = Li by Lemma 15. 19l so £XT{Li) 
is an irreducible coherent family. 
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Let fi € Ai he such that Supp(Li,/i) ^ 0. Suppggg(Li,/i) is Zariski dense in 
f)* so Suppggs(Li,^) n rJi ^ 0. Let v' eVlin Suppggg(Li,^). Then = 

L)p^)^,y Then as above (with M = £XT{L) and L replaced by 
Li) we get £XT{L) = £XT{Li) ©A/" for some semisimple coherent family M 
with = 0 for any (^, G X such that Supp(Li,^) ^ 0. Since £XT{L) 

contains L we get that L = M' © M" for some Ug-modules M' C £XT{Li) 
and M" C A/". Since L is simple and since there exists a /r G A; such that 
Supp(L, /r) 7 ^ 0 and Supp(Li, 7 ^ 0 we must have M" — 0 and L = M' . But 
then we have proved that the irreducible coherent family £XT^{Li) contains L. 
Hence £XT{L) 'X £XT{Li) by the above and £XT{L) is irreducible. □ 

Theorem 6.8 Let L be an admissible infinite dimensional simple module. Then 
there exists a w £ W and a X G X such that '^£X7'{L) contains an infinite 
dimensional simple highest weight module L{X) and “£’A’T(L) = £X'r{L(X)). 

Proof. Let w G IT be such that w{Fl\F[) C $+ and w{Tl\TI) C and let 
E be a set of commuting roots that is a basis of Q such that — E C w{Tl) (Exists 
by Lemma 15.221 and Lemma [5.23l) . Let Fs be a corresponding Ore subset. Then 


so 


£Xr{L) = (^-{i;p^,t.rL)p^)\ 

\teT‘ ) 

‘’£XriL) = ("0 (V'F..t.(’"L)F.)) = £xrrL). 


Set L' = “L. We will show by induction on \T'^,\ that there exists a A G X 
such that L{\) is infinite dimensional and £XT{L') = £XT{L{X)): 

If \T^i\ = 0 then L' is itself an infinite dimensional highest weight module. 
Assume \T^,\ > 0. Then T^, O H 7 ^ 0 because if this was not the case then 
$+ C Fp' since Fp' is closed. But <&+ C Fl' implies |Tj5| = 0. 

Let a G T^, n H. Then a G T£, since Fl'\T£, C So —a G Tpi. Then 
by Lemma [5.211 there exists a 6 G C such that 'i’Fcb-L'p^ contains a simple Uq- 
submodule L" with Tpn c Tp' and a 0 Tl". By Lemma [5.231 there exists a 
set of commuting roots E that is a basis of Q such that a G E and — E C Tp/. 
Then by the above there exists a. v = ba such that ifp-EP-L'p.^ contains a simple 
Fq-submodule L" with Tpn C Tpr and a ^ Tpn. L" is infinite dimensional since 
-E C Tl" and £XT{L") ^ £Xr{L') by Proposition!^ 

By induction there exists a A G X such that L[X) is infinite dimensional and 
£Xr{L'') ^ £XT{L{X)). □ 


The twists we have defined for quantum group modules are analogues of the 
twists that can be made of normal Lie algebra modules as described in |Mat00| . 
In the next proposition we will use these Lie algebra module twists denoted by 
f^ given a set of commuting roots E and a f G T* (see Section 4 in |Mat00| L For 
A^ G f)* let Fc(^^) denote the simple highest weight Lie algebra g-module with 
highest weight A^. Let ep, fp denote root vectors in g such that [ep, fp] = hp. 
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Proposition 6.9 Let £ f)* be such that Lc(A^) is admissible. Let T, be a 
set of commuting roots that is a basis of Q with fp acting injectively on Lc{X^) 

for each p€T,. Let X° G M. Define M = f^.Lc{X^)(g) L{{X°,0)). 

Then A4 is an irreducible coherent family containing the simple highest weight 
module L{{X°,X^)). 

Proof. A4 contains L((A°,A^)) by Proposition 15. 171 

Set Me = ©,eT* So M = (Mc)^ ® i((A°,0)). Let /r G A; 

and u G {Uq)g. We need to show that the map v i—is polynomial. 

=0 ((-A^c)''') ^ ®L((A‘’,0)),-,(^,o) 

rjGA ^ '■ 

= 0 ((-A^c)i/+^) ® ^((A°, 0)),-r,(^ 0) 

yelA 

= 0 (/e^'^-(^c)o) ® L((A°, 0))g-r,(^ 0)- 

yelA 

The action on {f^.{Mc)o)^’'^ g L{X^) is just the action on ((Adc)o)^*^ g L{X°) 
twisted with the automorphism u' i—>■ f^u'ffj'^ on the first tensor factor where 
u' = Fr(u) (Fr is the Frobeiiius twist defined in |KL021 Theorem 1.1]). The 
map u' I—> f^u' fff'^ is of the form some polynomials pi and some 

Ui G {Uc)o where Uc ■= U{q) is the classical universal enveloping algebra of g. 
Composing a polynomial map with the map A i—>■ A + j is still polynomial. So 
the trace is a finite sum of polynomials in A which is still polynomial. 

Let Uq be the small quantum group as defined in [AM15| i.e. the subalgebra 
of Uq generated by Ea,Kd:Fa, o G LI. Then L((A°,0)) restricted to Uq is a 
simple Ug-module by [AM 151 Section 3.2]. 

By [MatOOl Lemma 5.3 i)] and [MatOOl Proposition 5.4] there exists at G T* 
such that Mc[t] is simple. Then M[f\ = g L{{X° ,0)) is simple: Let 

0 7 ^ riQ <8)Ui G L((A°,0)) 0 Then 

Uq(vo g Vl) =UqUq{vo g Vl) 

= Uq{L{{X°, 0))gVl) 

= L{{X°,0))gUqVl 

=L((A°,0))®(t7cui)W 

=L((A°,0))®(McM)‘'’ 

since L((A°, 0)) is a simple Ug-module and since Alc[i] is a simple C/c-module.D 
Corollary 6.10 {f^.L{X^)f,f g L{{X^ ,0)))^^ ^ SXr{L{d° , d)))- 

Proof. This follows by the uniqueness of £XT{L{X)). □ 

Corollary 6.11 Let L be an infinite dimensional admissible simple module. 
Then EXEiL) is of the form (8> L((A®, 0))^ for some g coherent family 

M (in the sense of ]MatOOj ). 
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Proof. By Theorem l6.8l there exists a.w £W and a, X G X such that '^EXT{L) = 
£Xr{L{X)). By Corollary SXTiUX)) ^ (A4 ® L((A°, 0)))*" for some g 
coherent family JW. By [MatOOl Proposition 6.2] and the fact that L((A°,0)) 
is finite dimensional we see that “ (A4 0 L{{X°, 0)))** = (A4 (8) i((A°, 0)))** for 
all w S W. □ 

So in the root of unity case the classification of torsion free modules reduces 
to the classification of classical torsion free modules. By Proposition 16.71 a 
torsion free module is a submodule of a semisimple irreducible coherent family 
so the problem reduces to classifying semisimple irreducible coherent families. 
By Corollary 16.111 the classification of these coherent families reduces to the 
classification in the classical case. 
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